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Abstract
A rigorous ab initio derivation of the (square of) Dirac’s equation for a single particle with
spin is presented. The general Hamilton-Jacobi equation for the particle expressed in terms of a
background Weyl’s conformal geometry is found to be linearized, exactly and in closed form, by
an ansatz solution that can be straightforwardly interpreted as the “quantum wave function” ψ4
of the 4-spinor Dirac’s equation. In particular, all quantum features of the model arise from a
subtle interplay between the conformal curvature of the configuration space acting as a potential
and Weyl’s “pre-potential”, closely related to ψ4, which acts on the particle trajectory. The theory,
carried out here by assuming a Minkowsky metric, can be easily extended to arbitrary space-time
Riemann metric, e.g. the one adopted in the context of General Relativity. This novel theoretical
scenario, referred to as “Affine Quantum Mechanics”, appears to be of general application and is
expected to open a promising perspective in the modern endeavor aimed at the unification of the
natural forces with gravitation.
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I. INTRODUCTION
The particle spin theory is one of the cornerstones of quantum mechanics. Consequently,
being the spin a peculiar feature of the quantum world, any attempt to find a classical
system behaving as a spinning quantum particle is generally considered hopeless. In this
work, we show that a wave equation for quantum spin (and, in particular, the square of
Dirac’s spin 1/2 equation) may be derived from the mechanics of the relativistic top in a
curved configuration space.
Our approach is based on the theory proposed some time ago by one of us to derive the
Schro¨dinger and the Klein-Gordon equations from mechanics in curved spaces [1]. The
main physical assumption of this theory, we shall refer to henceforth as “Affine Quantum
Mechanics” (AQM), is that the origin of quantum effects is a feedback between geometry
and dynamics [24]. More precisely, in this work we ascribe the quantum effects to the
presence of a not trivial parallel transport law in the particle configuration space bearing a
nonzero curvature. The metric has no role here and can be arbitrarily prescribed. In fact,
at the very fundamental level, the space curvature is originated by the affine connections
and not by the metric tensor. The AQM assumes that the actual affine connections (and
hence the scalar curvature) of the particle configuration space are affected by the dynamics
of the particle itself and that, in turn, the space scalar curvature acts on the particle as a
potential. Thus, the particle motion and the space affine connections must be determined
consistently. The overall physical picture is analogous to the situation prevailing in general
relativity: geometry is not prescribed; rather it is determined by the physical reality. In
turn, geometry acts as a “guidance field” for matter. The idea of a “guidance field” to
explain quantum phenomena dates back to De Broglie. The AQM identifies the origin of
the already mysterious De Broglie field with the curvature of space-time and casts its effects
on a firm and plausible theoretical frame. However, unlike in general relativity, the space
curvature is ascribed by AQM to the affine connections rather than to the metric of the
geometry. In this way, gravitational and quantum phenomena share a common geometrical
origin, but are based on independent geometrical objects: the metric tensor for the former
and the affine connections for the latter. As in general relativity, the geometric approach
forces to describe matter as a fluid or as a bundle of elementary trajectories rather than
as a single point particle moving along one trajectory. In this respect, AQM is somewhat
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related to the hydrodynamic approach to quantum mechanics first proposed by Madelung [2]
and then developed by Bohm [3]. In the Madelung-Bohm approach the particle trajectories
are deterministically governed by classical mechanics and quantum effects are due to a
“quantum potential” of quite mysterious origin, whose gradient acts as a newtonian force
on the particle. According to the AQM the active potential originates from geometry, as
does gravitation, and arises form the space curvature due to the presence of the non trivial
affine connections of the Weyl conformal geometry [4].
II. THE RELATIVISTIC TOP
We start considering the simplest model for the relativistic spinning particle, namely the
top described by six Euler angles, as made, for example, by Frenkel [5], Thomas [6] and in the
classic work by Hanson and Regge [7]. Subsequent important works on relativistic spinning
particles can be found in many textbook [8–10]. Here, we simply imagine that the particle
follows a path xµ = xµ(σ) in space-time, where σ is an arbitrary parameter along the path,
and that it carries along with itself a moving fourleg eµa = e
µ
a(σ) (µ, a = 0, . . . , 3). The fourleg
vectors eµa are normalized according to gµνe
µ
ae
ν
b = gab where gµν = gab = diag(−1, 1, 1, 1) is
the Minkowski metric tensor. Setting Λ(σ) = {eµa(σ)} and G = {gµν}, the normalization
relations can be cast in the matrix form as ΛTGΛ = G, showing that the 4×4 matrix
Λ(σ) ∈ SO(3, 1) is a proper Lorentz matrix. The derivative of eµa(σ) with respect to σ can
be written as deµa/dσ = ω
µ
ν e
ν
a. The contravariant tensor ω
µν = ωµσg
σν is skewsymmetric and
can be considered as the “angular velocity” of the top in space-time. The free Lagrangian
of this minimal relativistic top is
L0 = mc
√
−gµν dx
µ
dσ
dxν
dσ
− a2gµνgabde
µ
a
dσ
deνb
dσ
=
= mc
√
−gµν dx
µ
dσ
dxν
dσ
− a2ωµνωµν , (1)
where m is the particle mass, c is the speed of light, and a is a constant having the dimension
of a length. For a quantum particle of mass m we expect a to be of the order of the particle
Compton wavelength. The square root in Eq. (1) ensures that L0 is parameter invariant. In
the presence of an external electromagnetic field, the total Lagrangian becomes L = L0+Lem,
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where the electromagnetic interaction Lagrangian is taken as
Lem =
e
c
Aµ
dxµ
dσ
+
κe
4c
a2Fµνω
µν (2)
where e is the particle charge and Fµν is given by Fµν = ∂Aν/∂x
µ − ∂Aµ/∂xν with four-
potential Aµ given by Aµ = (−φ,A), φ, A being the scalar and vector electromagnetic
potentials, respectively. Finally, κ is a numeric constant that will be identified as the particle
gyromagnetic ratio. The fourleg components eµa (and the SO(3, 1) group) are parametrized
by six “Euler angles” θα (α = 1, . . . , 6), so that the configuration space spanned by the
space-time coordinates and the Euler angles is ten dimensional. When ωµν is written in
terms of the angles θα and their derivatives, the free-particle Lagrangian L0 assumes the
standard form
L0 = mc
ds
dσ
= mc
√
−gij dq
i
dσ
dqj
dσ
, (3)
where qi = {xµ, θα} (i = 0, . . . , 9) are the ten coordinates spanning the dynamical config-
uration space of the top [25]. Similarly, the electromagnetic interaction Lagrangian Lem
assumes the standard form Lem = (e/c)Aidq
i/dσ, where Ai = (Aµ, Aα) is a ten dimensional
covariant vector. The last six entries Aα of Ai are linear combinations of the components
of the magnetic and electric fields H(x) and E(x), respectively [26]. The quantities gij in
Eq. (3) define the distance ds =
√−gijdqidqj in the top configuration space, which is so
converted into the 10-D Riemann metric space V10 = M4×SO(3, 1). The extremal curves
of L0 are the geodetics of this space. The metric tensor gij in V10 has the diagonal block
form gij =
(
gµν 0
0 gαβ
)
, where gµν is the Minkowski metric and gαβ is the metric of the
parameter space of Lorentz group with signature (+,+,+,−,−,−) and we assumed the
Euler angles θα ordered so that the first three angles θα for α = 1, 2, 3 are associated with
space rotations, and the last three angles θα for α = 4, 5, 6 to Lorentz boosts. The classical
mechanics induced by the extremals of the Lagrangian L on the space V10 is well known [8–
10]. Here it is enough noticing that neither the time-like vector eµ0 of the moving fourleg is
identified by the particle four-velocity uµ = dxµ/dτ , dτ =
√−gµνdxµdxν being the proper
time, nor Weysenhoff’s kinematical constraints ωµνu
ν = 0 are imposed, in general. As a
consequence, the so called “center-of-mass” space-time trajectory xµ(τ) and the so called
“center-of-energy” space-time trajectory yµ(τ) of our top (obtained from dyµ/dτ = eµ0 ) are
different [see Ref. 10, chap. 20]. The main advantage of using a top described by six Euler
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angles is that the usual methods of analytical mechanics can be applied without worrying
about kinematical constraints; but the usual picture of spin as the coadjoint action of the
little Poincare´ group on the particle momentum space [see Ref. 8, Chap. 3, sec. 13] is
generally lost.
III. THE CONFORMAL RELATIVISTIC TOP
The main result of the present work is to show that the square of Dirac’s equation
for the quantum spin 1/2 particle can be obtained by a simple change of Lagrangian so
to provide Weyl’s conformal invariance to the particle dynamics without introducing any
concept extraneous to the classical world. In other words, to describe the quantum spinning
particle, we propose to use in place of the Lagrangian L = L0 + Lem a new Lagrangian
L¯ which is invariant under the conformal change gij → ρ(q)gij of the configuration space
metric. As suggested elsewhere for spinless particles [1], we introduce conformal invariance
by assuming that the configuration space of the top is a Weyl space with metric gij and
integrable Weyl’s connections Γijk given by
Γijk = −
{
i
jk
}
+ δijφk + δ
i
kφj + gjkφ
i, (4)
where
{
i
jk
}
are the Cristoffel symbols out of the metric gij , φ
i = gilφl, and φi is the Weyl
potential that we assume to be integrable, viz. φi = χ
−1∂χ/∂qi. As Lagrangian we take
L¯ = ξ~
√
−RW gij dq
i
dσ
dqj
dσ
+ Lem, (5)
where ξ is a numeric constant, Lem is given by Eq. (2) and RW is the Weyl scalar curvature
calculated from the connections (4), viz.
RW = R + 2(n− 1)∇kφk − (n− 1)φkφk =
= R + 2(n− 1)∇k∇
kχ
χ
− n(n− 1)∇kχ∇
kχ
χ2
, (6)
where ∇i denote the covariant derivatives built out from the Cristoffel symbols
{
i
jk
}
. The
Lagrangian (5) is manifestly invariant under the conformal changes of the metric and Weyl
potential gij → ρgij and φi → φi − ρ−1∂ρ/∂qi, respectively, provided the fields Ai are Weyl
invariant. The dynamic theory derived from the Lagrangian L¯ applying the extremal action
principle is conformally invariant too. Moreover, it is worth noting that the Lagrangian
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L¯ is massless, because the particle mass m was replaced by Weyl’s curvature according to
mc→ ξ~√RW . We will call the top described by the Lagrangian L¯ the conformal relativistic
top. The Weyl curvature field RW (q) in Eq. (6) acts as a scalar potential on the conformal
top and, because it depends on χ and its derivatives, the field χ acts on the conformal top as
a sort of pre-potential. The paths followed by the conformal top in the configuration space
V10 = M4×SO(3, 1) are the extremal curves of the action integral
∫
L¯ dσ. Of particular
importance are the bundles of extremals belonging to a family of equidistant hypersurfaces
S = const. in the configuration space. These bundles are obtained from the solutions of the
Hamilton-Jacobi equation associated with L¯
gij
(
∂S
∂qi
− e
c
Ai
)(
∂S
∂qj
− e
c
Aj
)
=
= gij
(
DiS − e
c
Ai
)(
DjS − e
c
Aj
)
= −~2ξ2RW (7)
by integrating the differential equations
dqi
ds
=
gij( ∂S
∂qj
− e
c
Aj)
[gmn( ∂S
∂qm
− e
c
Am)(
∂S
∂qn
− e
c
Am)]1/2
. (8)
Moreover, we assume that the action function S obeys the auxiliary divergence condition
Dk
(
DkS − e
c
Ak
)
= 0. (9)
We may think this condition as stating that the trajectories in the bundle do not intersect
in the considered region of the configuration space. In Eqs. (7) and (9) Di denote the Weyl
co-covariant derivatives with respect of the coordinate qi [27]. The use of the co-covariant
derivatives makes explicit the coordinate and conformal gauge covariance of Eqs. (7) and
(9). When written out in full, Eq. (9) states the conservation of the Weyl-invariant current
density
ji = χ−(n−2)
√
g gij(∂S/∂qj − (e/c)Aj). (10)
Equations (7) and (9) are a set of nonlinear partial differential equations for the unknown
functions S(q) and χ(q), once the metric tensor gij(q) is given. The nonlinear problem
implied by Eqs. (7) and (9) looks very hard at first glance. However, bu introducing the
complex scalar function ψ of Weyl’e type w(ψ) = −(n− 2)/4 given by
ψ(q) = χ(q)−
n−2
2 ei
S(q)
~ (11)
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and fixing ξ according to
ξ2 =
n− 2
4(n− 1) =
2
9
, (12)
where n = 10 is the dimensionality of the top configuration space, converts Eqs. (7) and (9)
into the linear differential equation
gij
(
pˆi − e
c
Ai
)(
pˆj − e
c
Aj
)
ψ + ~2ξ2Rψ = 0. (13)
where pˆ= − i~∇i. This is a striking result as it demonstrates that the Hamilton-Jacobi
equation, applied to a general dynamical problem can be transformed into a linear eigenvalue
equation, the foremost ingredient of the formal structure of quantum mechanics and of the
Hilbert space theory. Note that the transition from the Hamilton-Jacobi Eq. (7) to the
quantum mechanical Eq. (13) implies the adoption of a formally trivial albeit conceptually
significant transformation: pi = ∂S/∂x
i → (−i~∂/∂xi) × (iS(x)/~), where the two factors
are commonly interpreted as momentum operator (pˆ) and (complex) phase, respectively.
This transformation precisely represents the transition from Hamilton’s classical dynamics
to quantum mechanics in our theory. In the absence of the electromagnetic field (Ai = 0),
Eq. (13) reduces to Lˆψ = (−∆ + ξ2R)ψ, where ∆ is the Laplace-Beltrami operator and Lˆ
is the conformal Laplacian, also known as the Laplace-de Rham operator associated with
the metric gij. The value of ξ given by Eq. (12) ensures that Eq. (13) is conformally
invariant. The Laplace-de Rham Eq. (13) resembles the covariant quantum Klein-Gordon
wave-equation in the configuration space with the mass term m2c2 replaced by the curvature
potential term ~2ξ2R(q). What it is more surprising is that any explicit reference to the
Weyl pre-potential χ(q) and to the Weyl curvature RW has been cancelled out from Eq. (13).
In fact, the curvature R(q) and the covariant derivatives ∇i in Eq. (13) are calculated using
the Cristoffel symbols derived from the metric gij. Finally, the (Riemann) curvature R of
the top configuration space is constant in our case, and it is given by R = 6/a2. Moreover,
the conserved current density ji in Eq. (10) can be written in the alternative form
ji = |ψ|2√g gij(∂S/∂qj − (e/c)Aj). (14)
without any explicit reference to the underlying Weyl’s geometry. The current (14) together
with Eq. (8) shows that the scalar density |ψ|2 is transported along the particle trajectory in
the configuration space, allowing the optional statistical interpretation of the wavefunction
ψ according to Born’s quantum mechanical rule [1]. The reduction of Eqs. (7) and (9)
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to the wave-equation (13) is the central result of this work, because it builds a bridge
between the quantum and the classical worlds. The quantum wave equation (13) with
the |ψ|2 Born prescription is mathematically equivalent to the classical Hamilton-Jacobi
Eq. (7) associated with the conformally invariant Lagrangian L¯; Born’s rule comes out in a
very natural way from the conformally invariant zero divergence current requirement along
any Hamiltonian bundle of trajectories in the configuration space. It is also worth noting
that Born’s rule relays on the particular choice of the conformal gauge made to obtain the
Laplace-de Rham Eq. (13). By changing the gauge, we can make |ψ|2 → |ψ¯|2 = 1 in which
case the Weyl curvature reduces to the Riemann curvature R¯ of the not trivial metric
g¯ij = χ
−2gij = |ψ|4/(n−2)gij. Our final step is now to show that the wave equation (13) is
able to account for the quantum spin 1/2.
IV. EQUIVALENCE WITH DIRAC’S EQUATION
We first note that Eq, (13) is invariant under parity P , so we may look for solutions ψ(q)
which also are invariant under P . These solutions can be cast in the mode expansion form
ψuv(q) = D
(u,v)(Λ−1)σσ′ψ
σ′
σ (x) + D
(v,u)(Λ−1)σ˙σ˙′ψ
σ˙′
σ˙ (x)
(u ≤ v) (15)
where D(u,v)(Λ)σσ′ are the (2u+1)×(2v+1) matrices representing the Lorentz transformation
Λ(θ) = {eµa(θ)} in the irreducible representation labeled by the two numbers u, v given by
2u, 2v = 0, 1, 2, . . ., and the ψσ
′
σ (x) and ψ
σ˙′
σ˙ (x) are expansion coefficients depending on the
space-time coordinates xµ alone. The matrices D(u,v)(Λ) and D(v,u)(Λ) depend on the Euler
angles θα only, and provide conjugate representations of the Lorentz transformations [28]. As
the notation suggests, the invariance of ψuv(q) under Lorentz transformations implies that
ψσ
′
σ (x) and ψ
σ˙′
σ˙ (x) change as undotted and dotted contravariant spinors, respectively [29].
In Eq. (15) both dotted and undotted spinors appear, because we are interested in solutions
ψuv(q) of Eq. (13) which are parity invariant. Indeed, both terms on the right of Eq. (15) obey
Eq. (13) separately, each one providing not parity invariant solutions to Eq. (13). In the case
of spin 1/2, the spinors ψσ
′
σ (x) and ψ
σ˙′
σ˙ (x) have two components. The use of two-components
spinors in place of the four-component Dirac’s spinors have been extensively discussed in
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the literature [11]. In this paper, however, we will limit to parity invariant solutions of
Eq. (13) described by four-component Dirac’s spinors. Insertion of the expansion (15) into
the wave-equation (13) yields to the following equation for the coefficients ψσ
′
σ (x) and ψ
σ˙′
σ˙ (x)[
gµν
(
pˆµ − e
c
Aµ
)(
pˆν − e
c
Aν
)
+ ~2ξ2R
]
ψ(x) +
+ ∆Jψ(x) = 0 (16)
where pˆµ = −i~∂µ and ψ(x) denotes either ψσ′σ (x) or ψσ˙′σ˙ (x). Finally, ∆J is a (2u+1)×(2v+1)
matrix depending on the space-time coordinates xµ only, given by
∆J =
[
~
a
J − κea
2c
H
]2
−
[
~
a
K − κea
2c
E
]2
. (17)
Here J andK are the generators of the Lorentz group in the dotted or undotted (conjugate)
representation, according if ψσ
′
σ (x) or ψ
σ˙′
σ˙ (x) are considered. The connection with the spin
1/2 Dirac’s theory is made by taking (u, v) = (0, 1
2
) in Eq. (15) so thatD(0,1/2)(Λ) ∈ SL(2, C).
Then, introducing the Dirac four-spinor ΨD =
(
ψσ
′
σ
ψσ˙
′
σ˙
)
with σ = σ˙ fixed and setting κ = 2
for the electron, Eq. (16) yields
[
gµν
(
pˆµ − e
c
Aµ
)(
pˆν − e
c
Aν
)
− e~
c
(Σ·H − iα·E)
]
ΨD +
+
[
e2a2
c2
(H2 −E2) + 3~
2
2a2
(1 + 4ξ2)
]
ΨD = 0, (18)
where: Σ =
(
σ 0
0 σ
)
, α =
(
σ 0
0 −σ
)
, and σ = {σx, σyσz} are the usual Pauli matrices.
Setting a = (~/mc)
√
3(1 + 4ξ2)/2, where m is the particle mass, and neglecting the term
(ea/c)2(H2 − E2) = (ea/c)2)(1
2
FµνF
µν), Eq. (18) reduces to the square of Dirac’s equation
in its spinor representation, viz. [see, for example, Ref. 12, Eq. (32,7a)]
[
γµγν
(
pˆµ − e
c
Aµ
)(
pˆν − e
c
Aν
)
−m2c2
]
ΨD = 0, (19)
where γµ are Dirac’s 4× 4 matrices in the spinorial representation. Equation (18), compre-
hensive of the electromagnetic term proportional to FµνF
µν , was derived by Schulman by
applying usual quantization rules to the relativistic top described by three Euler angles [13].
In his work, Schulman proposed also generalized wave equations for fields of arbitrary spin,
which are equivalent to our Eqs. (16) and (17). We will refer to Schulman’s paper for a
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detailed discussion about the physical implications of Eq. (18). However, it is worth noting
that the term proportional to FµνF
µν in Eq. (18) can be cancelled out just transforming the
Weyl curvature RW in the Lagrangian (3) according to RW → RW − (ea/c~ξ)2(12FµνF µν)
so that Eq. (18) would reproduce the square of Dirac’s equation exactly. Before concluding,
we notice that the present approach applies to any spin (see Eq. 15), as expected from a
theory based on rotating fourlegs. When spin other than 1/2 are considered, the usual
functional relationship for the particle mass m(s) = as(s + 1) + b, (a, b constant) is found,
because we considered a six internal degrees of freedom Lagrangian with no constraint. It
would be then interesting to investigate if appropriate constraints can be imposed either to
select the spin 1/2 only, as proposed in Ref. [14, 15], or to extend the present fixed mass and
spin approach to include a family of particles collected in a different Regge trajectory [16–18].
V. INTERPRETATION
We derived the square of Dirac’s spin 1/2 equation in the framework of the Affine Quan-
tum Mechanics. The spinning particle was described as a conformal relativistic top, obtained
from the minimal relativistic top introduced long time ago by Frenkel [5] and Thomas [6]
by formally replacing the mass with the Weyl curvature of the top configuration space. The
dynamics of the conformal top is invariant under conformal changes of the metric. All tra-
jectories of the conformal top are extremal curves of the corresponding Lagrangian and they
can form bundles described by the Hamilton-Jacobi equation. In summary, according to the
present AQM interpretation the quantum wave equation related to any quantum mechani-
cal problem (here the Dirac’s spin dynamics) should not be taken as the starting point of
the theory, as usually done. It is rather a useful mathematical tool adopted to reduce a
generally awkward nonlinear geometro-dynamical problem to a more tractable linear one,
in order to obtain simultaneously the dynamical properties of the particle motion and the
geometrical properties (Weyl’s potential and curvature) that determine that motion. Then,
according to AQM, the physical interpretation of the dynamical theory is different from
the usual one since the particle trajectories here are the extremal curves of a Lagrangian,
i.e. the geodesics of the Weyl’s field acting on the particle [19]. We may regard the space
curvature as a “guidance field” which is ultimately imposed by the conformal invariance of
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the problem. A stochastic interpretation of the present theory is possible, as pointed out
by [1]. But it is not necessary since the particle motion on his trajectory can be traced with
a precision allowed by the Heisenberg’s uncertainty relations, which are of course valid in the
AQM theory. We do believe that the present AQM geometro-dynamical interpretation of
Quantum Mechanics leads to two consequences that may result of large relevance in modern
Physics. First, several alleged “mysteries of the quantum world” may be partially unveiled
or at least find an alternative plausible interpretation. Among them the quantum super-
position and, hopefully, the entanglement and quantum nonlocality involved in the EPR
paradigm. Moreover, the well known Penrose’s claim for the role of gravitation in the state
reduction process can be analyzed in concrete terms by the AQM theory by replacing the
metric with the affine properties of space [20]. Second, the AQM geometro-dynamical inter-
pretation relates in an obvious and direct way the quantum world with general relativity,
in particular with the modern paradigmatic endeavor of quantum gravity. Indeed it could
suggest new research paths in that domain [21] [22] [23].
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